STICHTING

HEMATISCH CENTRUI

2e BOERHAAVESTRAAT 49
AMSTERDAM

:LING TOEGEPASTE WISKUNDE

TN L6

:alculation of ) ai/n, where a_

a Fourier coefficient.,

by

P. van Ouwerkerk-Dijkers

CIMC

January 1967




: consider the function f(x), a periodic function of x with period
thich is identically zero in nearly all of the interval (-m, w).
symmetry properties of this function are such that the following
le=expansion is possible
£(x) = § a cos nx, (1.1)
n=1

: &, =0 (n=1,2, coo)o (1.2)

.gure 1 such a function is sketched.
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Figure 1.

; helpful to introduce the function h(x), defined by
h(rx/8) = £(x). (1.3)
low from alinea 1 that
f(x) =0 for (k=1)n/2 +8/2 < x < kn/2 = §/2 (1.4)
(k= 0y 1, oca)y

Gapproaches ZEero,

the aid of the above we wish to compute the sum S when

S= 3 ai/no (1.5)
n=1

wious way to solve this problem is to invert relation (1.1) and
bstitute the resulting 2, in (1.5). Since it is rather diffécult
m the series, obtained in this manner, we will use a different
}da




atroduce an intermediary cosine-expansion, as follows

o
2

E a8 _ CcOS nXo
n

n=

glnx/s)

a1e other hand
™

(2/m) I £(g) £(x=£)dg.
0

g(nx/s)

(1,1) and (1.2) we know that

f(n/2=x) = =f(w/24x),

aat
/2
glnx/8) = (2/m) I £(g) f(x=-£)dg.
=T /2
applying (1.4) we have
§/2
s(rx/) = (2/m) [ s(e) s(x-0ae
-8/2

kn/2 = 8§/2 < x=§ < kn/2 + §/2,

{7x/8) = 0 in all other intervals.
(1.7) we see that
g[f(n»x)/é] = - g(mx/8).

z the inversion formula for Fourier cosine-series, we find

o ™
a = (2/m) J g(wx/8) cos nx dx.
0

ibstitute the expression (1.8) in the series (1.5) and inter

srder of integration and summation to get

™ o
S = (2/m) I g(rx/8){ § (cos nx)/n}dx.
0 n=1
the aid of
Y (cos nx)/n = Re{ § e™/n} = -1n|1-e**¥|
n=1 n=1
sum becomes
T ix
S = =(2/m) J g(mx/8) 1n|1=e™"|ax
0 ;




n/2 . /2 .
: m<2/ﬁ)f g(nx/a)lnlj'elxidx + (2/w)f glnx/s) 1n11+e“lx|dxo
0 0
n/2
= {2/W)J g(nx/§) 1n|cotg (x/2)]dx. (1,9)
0o .

surface of integration in the (x, £)=plane may be found by combining

) and (1.9) and is shown in figure 2. In the shaded part the product

) £f(x=£) is not identically equal to zero.

g4
g=x+8/2 E=x-8/2
§/2
H !
a i
///6/2 0 /2 x>
=8/2 €
Figure 2.
» we find .
5 8§ ¢8/2
s = (2/m) f j f(&) £(x=E) 1nlcotg (x/2)] a&ax. (1.10)
0 ‘x=8/2

ituting (1.3) and
t = m%x/8§, T = 7E/S

.10), we have

§ = (b62/m" T |
= ™) J h(t) h(t=1) 1n|cotg (8t/2m)]drdt.
0 Jt=/2

mall values of § the expansion

1n|cotg (8t/2m)| = 1n|(2n/6t)| + 0(5%)

Llido
; this expansion we find an expression for S of the following form
oy [T [T/ P
$</m )f j h(t) h(t=t){1n(n/6)+1ln 2=-1n t+0(87)}drdt. (1.11)
40 dt=n/2




:xact behaviour of S as § approaches zero is easily found from this
;ral expression.

rer, using the properties of h(t), we find

T o¢m/2 /2 5
I f h(t) h(t-t)dtdt = {I n(t)ar}</2
0 “t=T/2 =T /2

in interesting first approximation of S is thus obtained in the

m/2

SeV = (2/“2){I h(T)dT}Q (5/“)2ln S, (1.12)

=T /2

sme natural substitutions for h(t) are given below.

1

h(t)

1, =m/2 <t <1n/2,

0, elsevhere,

=1/2 0 w/2

; the integrals

= /2
. J dr =7
=T /2

T oen/2 5
{ I In t drdt = (v°/2)(1n 7 = 3/2),

70 Jgm/2
ind
S = 2(6/ﬂ)2{1n(v/6) +1In2=1n7m + 3/2 + 0(62)}
= 2(6/m)%[-1n 6 + 2,19 + 0(s2)}.
1
*\\\ h(t) = cos t, =m/2< t < /2,
\\\> =0 s elsewhere.
=1/2 0 /2
the aid of
m/2
( cos T dr = 2
JE"/Z




rofw/2
f cos T cos (t=1) In t drdt = 1 + 2 Inn= (n/2) Si{n) - Cir

0 Jt=m/2
la (1.11) gives

862/7"){1n(n/6) + 1n 2 = 3 - 1n v + (x/4) Si(n) + (}) Cin(r) + 0(¢

= (86%/1") = 1n & + 2,47 + 0(s2)}.

. n(t)=(2/m)?{(n/2)24?},
////4 =2 <t < /2,
= 0, elsevhere.
=n]2 0 n/2
/2
e f [(r/2) = Pldr = (1/3)(n/2)3
=n/2
/2 2 2 2 2 6
{(r/2)" = +"H(7/2)%= (t=1)"}in t drat = (x°/72){1n 7 - 1,75},
=M/2
t the result

S = (8/9)(8/m)*{1a(7/8) + 1n 2 = 1n ™ + 1,75 + 0(52)}

(8/9)(8/1)2{~1n & + 2,4k + 0(62)],

1

h(t) = (2/m)(v/2-|¢]),
\\\\\\\\ RV RERETY
=0 s elsewhere,

=T/ 2 0] n/2

ntegrals become

w/2 5
f (n/2 = |t])ar = (v/2)
=T /2

/2

=TJ/2

(n/2-t])(n/2=|t=t])1n ¢ atat = (3)(v/2)*{1n 7 + 0,33 1n 2 - 2




18t

3) (8/1)%{1n(n/8) + In 2 = In 7 - 0,33 1n 2 + 2,08 + 0(s2)}

1) (6lw)2{m1n § + 2,54 + 0(52)}0

research was instigated by some calculations in the dissertation

. VERWEEL, "Magnetic properties of some ferroxplana single crystals"
;erdam, December 1966),

listribution of magnetic charges for the special case of 180° Bloch
i of thickness § at a relative distance a, is a function which

'es in & similar manner as the function f(x) in section 1, while
mergy of the magnetic field can be represented in the form (1.5).
rans of the formulae deduced in this note, the energy belonging

fferent charge distributions may be easily calculated.




